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Abstract
For a given graphG of order n, a k-L(2, 1)-labelling is deﬁned as a functionf : V (G) → {0, 1, 2, . . . k} such that |f (u)−f (v)|2
when dG(u, v)= 1 and |f (u)− f (v)|1 when dG(u, v)= 2. The L(2, 1)-labelling number of G, denoted by (G), is the smallest
number k such that G has a k-L(2, 1)-labelling. The hole index (G) of G is the minimum number of integers not used in a (G)-
L(2, 1)-labelling of G. We say G is full-colorable if (G) = 0; otherwise, it will be called non-full colorable. In this paper, we
consider the graphs with (G) = 2m and (G) = m, where m is a positive integer. Our main work generalized a result by Fishburn
and Roberts [No-hole L(2, 1)-colorings, Discrete Appl. Math. 130 (2003) 513–519].
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1. Introduction
Let G = (V (G),E(G)) be a ﬁnite, undirected graph. The number of vertices of G, denoted by n(G), is called the
order of V (G). For v ∈ V (G), NG(v) is the set of neighbors of v in G, and the degree of vertex v, written dG(v), is the
number of neighbors of v in G. The maximum degree is , the minimum degree is . When S ⊆ V (G), the induced
subgraph G[S] consists of S and all edges whose endpoints are contained in S. A matching in a simple graph G is a
set of edges with no shared endpoints. A perfect matching of G is a matching that saturates every vertex of V (G). The
complement Gc of a simple graph G is the graph with vertex set V (G) and edge set deﬁned by uv ∈ E(Gc) if and only
uv /∈E(G). For v ∈ V (G) (or e ∈ E(G)), G− v (or G− e) denotes the subgraph of G obtained by deleting the vertex
v (or the edge e, respectively). If H is a subgraph of G, then G − H is the graph with vertex set V (G) and edge set
E(G)−E(H). The disjoint union of graphsG andH, denoted byG∪H , is the graph with vertex set V (G)∪V (H) and
edge set E(G)∪E(H). The complete graph with n vertices are denoted by Kn. Some other notations and terminology
not introduced in here can be found in [13].
The problem of vertex labelling with a condition at distance two, proposed by Griggs and Yeh [8], arose from a
variation of the channel assignment problem introduced by Hale [9]. Suppose a number of transmitters are given.
We must assign a channel to each of the given transmitters such that interference is avoided. In order to reduce the
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interference, any two “close” transmitters must receive different channels, and any two “very close” transmitters must
receive channels at least two apart. One can construct an interference graph for this problem so that the transmitters
are represented by the vertices and there is an edge joining two vertices of “very close” transmitters. Two transmitters
are deﬁned as “close” if the corresponding vertices are of distance two.
For a given graph G of order n, an L(2, 1)-labelling is deﬁned as a function f : V (G) → {0, 1, 2, . . .} such that
|f (u)− f (v)|2 when dG(u, v)= 1 and |f (u)− f (v)|1 when dG(u, v)= 2, where dG(u, v), the distance between
u and v, is the minimum length of a path between u and v. A k-L(2, 1)-labelling is an L(2, 1)-labelling f such that
the image of f contains no integer greater than k. The L(2, 1)-labelling number of G, denoted by (G), is the smallest
number k such that G has a k-L(2, 1)-labelling. The L(2, 1)-labelling problem has been extensively studied during the
past decade (see [1,6–8,10,14]).
Let f be a k-L(2, 1)-labelling of G. Let f−1(i) = {v ∈ V (G)|f (v) = i} and let li denote the cardinality of f−1(i)
for i = 0, 1, . . . , k. We call the integer h, 0<h<k, a hole of f if and only if lh = 0. We call the integer m a multiplicity
of f if lm2 and call the integer s a single of f if ls = 1. We let H(f ), M(f ) and S(f ) denote the collections of holes,
multiplicities and singles of f. Let A be the collection of all (G)-L(2, 1)-labellings of G. We say that f is a minimum
(G)-L(2, 1)-labelling of G if and only if f ∈ A and f has the minimum of holes over A. The hole index (G) of G is
the number of holes in a minimum (G)-L(2, 1)-labelling of G. We say G is full-colorable if (G) = 0; otherwise, it
will be called non-full colorable. The reader is referred to [2–5,11] for recent work concerning full colorable graphs or
non-full colorable graphs.
For S ⊆ V (G), S is an independent set of G if dG(u, v)2 for any distinct vertices u, v ∈ S; S is a 2-independent
set of G if dG(u, v)3 for any distinct vertices u, v ∈ S. For a given positive integer k, we say that a graph G has the
k-neighborhood property if the following holds for any (disjoint) 2-independent sets U andW of V (G): if no vertex of
U is adjacent to a vertex of W, then |U | + |W |k. A graph G is m-partite if V (G) can be expressed as the union of m
independent sets. For positive integers k and m, let G(k,m) be the family of graphs deﬁned by G ∈ G(k,m) if and only
if G is (m+ 1)-partite with V (G)=V0 ∪V1 ∪ · · · ∪Vm, where |V0| = |V1| = · · · = |Vm| = k and the induced subgraph
G[Vi ∪Vj ] is a perfect matching for any 0 i < jm. Obviously, G ∈ G(1,m) if and only if G is the complete graph
Km+1; G ∈ G(k, 1) if and only if G is the union of k copies of K2.
As we know, any (G)-L(2, 1)-labelling f has no two consecutive holes (see [7]). Hence, for a graphG, if (G)=2m,
then (G)m. In [2], Fishburn and Roberts proved the following extremal result for L(2, 1)-labellings.
Theorem 1 (Fishburn and Robert [2]). For each integerm2, there exists a connected graphGwith n(G)=2(m+1),
(G) = 2m and (G) = m.
In this paper, we consider the graphs with (G)=2m and (G)=m for m1.We will show the following theorems:
Theorem 2. For each integer m1, if G has (G) = 2m and (G) = m, then G ∈ G(k,m) for some integer k1.
From Theorem 2, we know that G ∈ G(k,m) is a necessary condition for (G) = 2m and (G) = m. Hence, the
number of vertices n(G) is equal to k(m + 1) for some integer k1 if G has (G) = 2m and (G) = m. As we know,
G ∈ G(1,m) if and only G is the complete graph Km+1. Hence, G has n(G) = m + 1, (G) = 2m and (G) = m for
some integer m1 if and only if G ∈ G(1,m). A natural question is: Is G ∈ G(2,m) also the sufﬁcient and necessary
condition for n(G) = 2(m + 1), (G) = 2m and (G) = m?
Theorem 3. For each integer m1, G has n(G) = 2(m + 1), (G) = 2m and (G) = m if and only G ∈ G(2,m).
Theorem 3 improves the result in Theorem 1. By Theorem 3, we can easily construct a connected graph G with
n(G) = 2(m + 1), (G) = 2m and (G) = m. For example, let G1 be a graph of Km+1 deleted an edge u1um+1 with
V (G1) = {u1, u2, . . . , um+1}; let G2 be a graph of Km+1 deleted an edge v1vm+1 with V (G2) = {v1, v2, . . . , vm+1}.
Then, we construct the graphG by adding two edges u1vm+1 and v1um+1 to the disjoint union ofG1 andG2. Obviously,
G is connected and G ∈ G(2,m).
In [11], Král, Škrekovski and Tancer have shown that if G is a connected m-regular graph of order (m + 1)k with
k-neighborhood property and (G)2m, then (G)=2m and (G)=m. For k=3, 4, . . . , m and  (m+1)24 , a connected
m-regular graph G with k-neighborhood property and (G)2m is constructed in [4,11]. For k3, we have:
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Theorem 4. For each integer m3, there exists a connected graph G ∈ G(3,m) without 3-neighborhood property
such that n(G) = 3(m + 1), (G) = 2m and (G) = m.
Theorem 5. For integers k3 andm2, there exists a connected graphG ∈ G(k,m) with (G)=2m and (G)=0.
2. Proof of main theorems
If f is a minimum (G)-L(2, 1)-labelling ofG, the holes of f are not consecutive integers. Suppose that h1, h2, . . . , hk
are holes of a minimum (G)-L(2, 1)-labelling f of G with 0<h1 <h2 < · · ·<hk < (G). Hence, {0, 1, . . . , (G)} is
separated into k+1 segments by k holes. For example, {0, 1, . . . , h1−1} is a segment of f, and {h1+1, h1+2, . . . , h2−1}
is another segment of f. Deﬁne f−1(h1 − 1), f−1(h2 − 1), . . . , f−1(hk − 1) to be forward walls of f and f−1(h1 + 1),
f−1(h2 + 1), . . . , f−1(hk + 1) to be backward walls of f. A wall of f is either a forward wall or a backward wall of f.
It is possible that a wall is both forward wall and backward wall. Hence, for a minimum (G)-L(2, 1)-labelling f with
k holes, there are l walls with k + 1 l2k. A key lemma, independently introduced in [4] and [12], is useful in our
proof.
Lemma 6 (Georges and Mavlo [4], Lue et al. [12]). Let f be a minimum (G)-L(2, 1)-labelling of G. For any two
walls whose labels are not in the same segment, the subgraph induced by them is a perfect matching.
Let f be a minimum (G)-L(2, 1)-labelling of G. If (G) = 2m and (G) = m, then 1, 3, . . . , 2m − 1 are holes of f
since f has no two consecutive holes. By Lemma 6, we immediately have Theorem 2.
Proof of Theorem 3. By Theorem 2, we only need to show that if G ∈ G(2,m) for m1, then (G) = 2m and
(G) = m. Since G ∈ G(2,m), V (G) can be partitioned into V0 = {x0, y0}, V1 = {x1, y1}, . . . , Vm = {xm, ym} such
that every Vi is a 2-independent set for 0 im. (Fig. 1 gives a graph G ∈ G(2, 4).) We form a 2m-L(2, 1)-labelling
of G by assigning the label 2i to each vertex in Vi for i = 0, 1, . . . , m. Hence, (G)2m.
On the other hand, we claim that if {x, y} is a 2-independent set of G, then any vertex z ∈ V (G)− {x, y} is adjacent
to x or y. If not, there is a vertex z ∈ V (G) which is not adjacent to x and y. By the deﬁnition of G(2,m), we know
that x and y are not in the same partition. Without loss of generality, we assume that x ∈ Vi and y ∈ Vj with i 	= j .
Suppose that x′ ∈ Vi and y′ ∈ Vj . Assume that {z, z′} = Vk . We know that k 	= i, j and z′x, z′y ∈ E(G) since z is not
adjacent to x and y. Hence, dG(x, y) = 2, a contradiction.
Now we show that (G) = 2m and (G) = m. Since n(G) = 2(m + 1) and (G)2m, then M(f ) 	= ∅ for any
minimum (G)-L(2, 1)-labelling f of G. By the above claim, if i ∈ M(f ), then |f−1(i)| = 2 and i − 1, i + 1 must
be holes of f. If S(f ) 	= ∅, then |S(f )| is even since n(G) = 2(m + 1) and |f−1(i)| = 2 for any i ∈ M(f ). We
assume that |S(f )| = 2k (k1). Then, |M(f )| = 2(m+1)−2k2 = m + 1 − k. Note that i − 1 and i + 1 must be holes off when i ∈ M(f ). Hence, (G) |S(f )| + 2|M(f )| − 1 = 2m + 1, a contradiction. Thus, S(f ) = ∅. We know that
M(f ) = {0, 2, 4, . . . , 2m} and H(f ) = {1, 3, . . . , 2m − 1}. 
We ﬁrst give some lemmas for the proof of Theorem 4.
Lemma 7. Let G be a graph ofKm+1 deleted an edge uv. Then (G)=2m−1, and for any (2m−1)-L(2, 1)-labelling
f of G, {f (u), f (v)} = {2i, 2i + 1} with i ∈ {0, 1, . . . , m − 1}.
Fig. 1. A graph G ∈ G(2, 4).
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Fig. 2. The graph of H4.
The proof of Lemma 7 is obvious.
Lemma 8 (Griggs and Yeh [8]). .Let H be a subgraph of G. Then (H)(G).
Let Hm (m3) be a graph consisting of two components. One is Km+1 deleted two non-adjacent edges u1v1 and
u′1v′1 (we call it the left component); the other is Km+1 deleted an edge u2v2 (we call it the right component). And then
add two edges u1u2 and v1v2. Fig. 2 is an example of H4.
Lemma 9. (Hm) = 2m for m3.
Proof. Firstwe show that (Hm)2m. Labelu1, v1, u2, v2, u′1, v′1 by 0, 2, 2, 0, 2m−2, 2m in turn. Label the remainder
m− 3 vertices in the left component by integers 4, 6, . . . , 2m− 4. Then label the remainder m− 1 vertices in the right
component by integers 4, 6, . . . , 2m. This is a 2m-L(2, 1)-labelling of Hm.
Now we show that (Hm) = 2m. If not, by Lemmas 7 and 8, (Hm) = (Km+1 − e) = 2m − 1 since Hm contains
a subgraph of Km+1 − e. And for any (2m − 1)-L(2, 1)-labelling f of Hm, {f (u2), f (v2)} = {2i, 2i + 1} for some
i ∈ {0, 1, . . . , m − 1}. Without loss of generality, we assume that f (u2) = 2i and f (v2) = 2i + 1. Thus, the right
component of Hm is labelled with 0, 2, 4, . . . , 2i, 2i + 1, 2i + 3, . . . , 2m− 1. The distance two condition thus requires
that f (u1) and f (v1) is in {1, 3, 5, . . . , 2i − 1} or {2i + 2, 2i + 4, . . . , 2m− 2}. Hence, |f (u)− f (v)|2. By Lemma
7, we know that {f (u′1), f (v′1)} = {2j, 2j + 1} for some j ∈ {0, 1, . . . , m − 1}, and the left component of Hm is
labelled with 0, 2, 4, . . . , 2j, 2j + 1, 2j + 3, . . . , 2m− 1. If j > i, then there exists some vertex in the left component
labelled with 2i. This contradicts to f (u2) = 2i. If j < i, then there exists some vertex in the left component labelled
with 2i + 1. This contradicts to f (v2) = 2i + 1. 
Lemma 10. Let f be a 2m-L(2, 1)-labelling f of Hm. If {f (u1), f (v1)} = {i, i + 1} for some i ∈ {0, 1, . . . , 2m − 1},
then {f (u2), f (v2)} = {j, j + 1} with |i − j |2. Moreover, (i) i < j if and only if i, j are both odd integers; (ii) i > j
if and only if i, j are both even integers; (iii) {f (u′1), f (v′1)} = {s, s + 1} for some s 	= i, j .
Proof. Since {f (u1), f (v1)} = {i, i + 1}, any vertex in the right component of Hm cannot be labelled by i or i + 1.
Note that integers i and i + 1 have different parity. Hence, the labels of m + 1 vertices in the right component are not
all even integers since (Hm) = 2m. This implies that the integers labelled u2 and v2 must be consecutive. Suppose
that {f (u2), f (v2)} = {j, j + 1}. Since u1u2 ∈ E(Hm) and v1v2 ∈ E(Hm), we know that |i − j |2.
Claim 1. If i < j , then i and j are both odd integers.
In this case, the remainder m−1 vertices in the right component cannot receive labels i, i +1, j −1, j, j +1, j +2.
If i 	= j −2, then these remainderm−1 vertices in the right component must take labels from the set {0, 1, . . . , i−1}
∪ {i + 2, . . . , j − 2} ∪ {j + 3, . . . , 2m}. Note that these m − 1 vertices are pairwise adjacent, hence the labels of any
two such vertices are not consecutive. Then, such m − 1 vertices can choose at most  i2 +  j−i−32  +  2m−j−22 
labels from the set {0, 1, . . . , i − 1} ∪ {i + 2, . . . , j − 2} ∪ {j + 3, . . . , 2m}. If i or j is even, then one of i, j − i − 3
and 2m− j − 2 is odd and the other two are even. Hence,  i2 +  j−i−32  +  2m−j−22  =m− 2, a contradiction. Thus
both i and j are odd.
If i = j − 2, then these remainder m − 1 vertices in the right component must take pairwise non-consecutive labels
from the set {0, 1, . . . , j − 3} ∪ {j + 3, . . . , 2m}. If j is even (which implies that i is also even), then j − 2 and
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2m − j − 2 are both even. Hence such m − 1 vertices can choose at most  j−22  +  2m−j−22  = m − 2 labels, a
contradiction.
Claim 2. If i > j , then i and j are both even integers.
Deﬁne f ′(x) = 2m − f (x) for x ∈ V (Hm). f ′(x) is also a 2m-L(2, 1)-labelling of Hm with {f ′(u1), f ′(v1)} =
{2m − i − 1, 2m − i} and {f ′(u2), f ′(v2)} = {2m − j − 1, 2m − j}. Since i > j , then 2m − i − 1< 2m − j − 1. By
Claim 1, we know that 2m − i − 1 and 2m − j − 1 are both odd. Hence i and j are both even.
By Claims 1 and 2, we immediately get (i) and (ii). Now we pay our attentions to (iii). By the proof of Claim 2,
it sufﬁces to consider the case of i < j . By Claim 1, i and j are both odd integers. In this case, the m − 1 vertices
on the left component except u1 and v1 cannot receive labels i − 1, i, i + 1, i + 2, j, j + 1. Assume that f (u′1) and
f (v′1) are not consecutive. If i 	= j − 2, then these remainder m − 1 vertices in the left component must take pairwise
non-consecutive labels from the set {0, 1, . . . , i − 2} ∪ {i + 3, . . . , j − 1} ∪ {j + 2, . . . , 2m}. Since i − 1, 2m− j − 1
are both even and j − i − 3 is odd, then such m− 1 vertices can choose at most  i−12 + j−i−32 + 2m−j−12 =m− 2
labels, a contradiction. If i = j − 2, then these m − 1 vertices must take pairwise non-consecutive labels from the
set {0, 1, . . . , j − 4} ∪ {j + 2, . . . , 2m}. Since j − 3 and 2m − j − 1 are both even, then such m − 1 vertices can
choose at most  j−32  +  2m−j−12  = m − 2 labels, also a contradiction. Hence {f (u′1), f (v′1)} = {s, s + 1} for some
s 	= i, j . 
Lemma 10 implies the following result.
Corollary 11. Let f be a 2m-L(2, 1)-labelling of Hm. If {f (u1), f (v1)} = {i, i + 1} and {f (u2), f (v2)} = {j, j + 1},
then i and j have the same parity.
Lemma 12. Let f be a 2m-L(2, 1)-labelling of Hm with {f (u1), f (v1)} = {i, i + 1}, {f (u2), f (v2)} = {j, j + 1} and
{f (u′1), f (v′1)} = {s, s + 1}. Then (i) |i − j |2, |i − s|3, |j − s|2 and s cannot lie between i and j; (ii) s < i < j
if and only if i, j are both odd and s is even; (iii) i < j < s if and only if i, j and s are all odd; (iv) j < i < s if and only
if i, j are both even and s is odd; (v) s < j < i if and only if i, j and s are all even.
Proof. Based on the distance of any two vertices in {u1, u2, v1, v2, u′1, v′1}, we easily know that |i−j |2, |i−s|3 and|j−s|2. The remainderm−3 vertices in the left component cannot receive labels i±1, i, i+2, s±1, s, s+2, j, j+1.
First we consider the case of i < j . By Lemma 10, i and j are both odd.
Claim 1. If s < i < j , then s is an even integer.
If s is odd, then i 	= s + 3. If i 	= j − 2, then these remainder m− 3 pairwise adjacent vertices in the left component
must take pairwise non-consecutive labels from the set {0, 1, . . . , s − 2} ∪ {s + 3, . . . , i − 2} ∪{i + 3, . . . , j − 1} ∪
{j + 2, . . . , 2m}. Hence such m − 3 vertices can choose at most  s−12  +  i−s−42  + j−i−32  +  2m−j−12  labels.
Note that i, j and s are all odd integers. Hence  s−12  +  i−s−42  + j−i−32  +  2m−j−12  = m − 4, a contradiction.
If i = j − 2, then these m − 3 vertices must take pairwise non-consecutive labels from the set {0, 1, . . . , s − 2} ∪
{s + 3, . . . , i − 2} ∪ {i + 4, . . . , 2m}. Hence such m − 3 vertices can choose at most  s−12  +  i−s−42  +  2m−j−12 =
s−1
2 + i−s−42 + 2m−j−12 = m − 4 labels, also a contradiction.
Claim 2. s cannot lie between i and j.
Assume that i < s < j . Since i and j are both odd, then i + 3 	= j − 2. If s 	= i + 3 and s 	= j − 2, then these
remainderm−3 pairwise adjacent vertices in the left component must take pairwise non-consecutive labels from the set
{0, 1, . . . , i−2}∪{i+3, . . . , s−2}∪{s+3, . . . , j−1}∪{j+2, . . . , 2m}. Hence suchm−3 vertices can choose at most
 i−12 + s−i−42 + j−s−32 + 2m−j−12  labels. Since i and j are both odd, s− i−4 and j − s−3 have different parity
whenever s is odd or even. Then,  i−12 + s−i−42 + j−s−32  + 2m−j−12  = i−12 + s−i−4+j−s−3+12 + 2m−j−12 =m−4.
It is a contradiction. If s = i + 3, then these m − 3 vertices must take pairwise non-consecutive labels from the set
{0, 1, . . . , i − 2} ∪ {s + 3, . . . , j − 1} ∪ {j + 2, . . . , 2m}. Note that i, j are both odd and s is even in this case.
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Fig. 3. The graph of G4.
Hence such m − 3 vertices can choose at most  i−12  +  j−s−32  +  2m−j−12  = i−12 + j−s−32 + 2m−j−12 = m − 4
labels, a contradiction. If s = j − 2, then these m − 3 vertices must take pairwise non-consecutive labels from the
set {0, 1, . . . , i − 2} ∪ {i + 3, . . . , s − 2} ∪ {j + 2, . . . , 2m}. Similarly, such m − 3 vertices can choose at most
 i−12  +  s−i−42  +  2m−j−12  = m − 4 labels, a contradiction.
Claim 3. If i < j < s, then s is an odd integer.
If s is even, then j 	= s−2. If j 	= i+2, then these remainder m−3 pairwise adjacent vertices in the left component
must take pairwise non-consecutive labels from the set {0, 1, . . . , i − 2} ∪{i + 3, . . . , j − 1} ∪ {j + 2, . . . , s − 2} ∪
{s + 3, . . . , 2m}. Hence such m − 3 vertices can choose at most  i−12  +  j−i−32  +  s−j−32  +  2m−s−22  =m − 4
labels. It is a contradiction. If j = i + 2, then these m − 3 vertices must take pairwise non-consecutive labels from the
set {0, 1, . . . , i − 2} ∪ {j + 2, . . . , s − 2} ∪ {s + 3, . . . , 2m}. Similarly, such m− 3 vertices can choose at most  i−12 +
 s−j−32  +  2m−s−22  = m − 4 labels, a contradiction.
We next consider the case of i > j . Deﬁne f ′(x) = 2m − f (x) for x ∈ V (Hm). Then f ′(x) is also a 2m-L(2, 1)-
labelling of Hm with {f ′(u1), f ′(v1)} = {2m − i − 1, 2m − i}, {f ′(u2), f ′(v2)} = {2m − j − 1, 2m − j} and
{f ′(u′1), f ′(v′1)} = {2m − s − 1, 2m − s}. Note that 2m − k − 1< 2m − r − 1 if and only if r < k and 2m − k − 1 is
odd if and only if k is even. Hence, Claims 1–3 imply the following claims.
Claim 4. If j < i < s, then s is an odd integer.
Claim 5. s cannot lie between j and i.
Claim 6. If s < j < i, then s is an even integer.
Combining Lemma 10 and Claims 1 through 6, we get the results in this lemma. 
For m3, let Gm be a graph consisting of three components. One is Km+1 deleted two non-adjacent edges u1v1 and
u′1v′1 (we call it themiddle component). The other two components areKm+1 deleted an edge uivi (i=2, 3), respectively
(we call them the left component and the right component, respectively). And then insert edges u1u2,v1v2,u′1u3 and
v′1v3. Fig. 3 illustrates G4.
Lemma 13. (Gm) = 2m for m3.
Proof. Since Hm is a subgraph of Gm, then (Gm)(Hm) = 2m by Lemmas 8 and 9. Moreover, we can deﬁne a
2m-L(2, 1)-labelling of Gm as follows: ﬁrst label u1, v1, u′1, v′1, u2, v2, u3, v3 with 0, 2, 2m− 2, 2m, 2, 0, 2m, 2m− 2
in turn; then let remainder m − 1 vertices in the left (right, respectively) component take pairwise distinct labels from
the set {0, 2, . . . , 2m − 4} ({4, 6, . . . , 2m}, respectively); at last, let these remainder m − 3 vertices in the middle
component take pairwise distinct labels from the set {4, 6, . . . , 2m − 4}. 
Lemma 14. Let f be a 2m-L(2, 1)-labelling of Gm. If {f (u1), f (v1)} = {i, i + 1} for some i ∈ {0, 1, . . . , 2m − 1},
then (i) {f (u2), f (v2)} = {j, j + 1}, {f (u′1), f (v′1)} = {s, s + 1} and {f (u3), f (v3)} = {t, t + 1}, where i, j, s are
pairwise distinct and s cannot lie between i and j; (ii) when s < i < j , i, j are both odd, s, t are both even, and t < s;
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(iii) when i < j < s, i, j, s, t are all odd and s < t ; (iv) when j < i < s, i, j are both even, s, t are both odd, and s < t ;
(v) when s < j < i, i, j, s, t are all even and t < s.
Proof. Since the subgraph of Gm, induced by vertices in the left (right, respectively) component and the middle
component, is isomorphic to Hm, we can easily obtain the desired results by Lemmas 10, 12 and Corollary 11. 
Proof of Theorem 4. Let U = {u2, u3} and W = {v2, v3}. It is easily to check that U,W are 2-independent sets and
no vertex in U is adjacent to a vertex in W. But |U | + |W | = 4> 3. Hence, Gm has no 3-neighborhood property.
Let f be a 2m-L(2, 1)-labelling of Gm for m3. We claim the following.
Claim 1. Let u, v be two arbitrary vertices in themiddle component ofGm.Then f (u) and f (v) cannot be consecutive.
If not, then either f (u1), f (v1) or f (u′1), f (v′1) are consecutive. Without loss of generality, we may assume that{f (u1), f (v1)}={i, i+1} for some i ∈ {0, 1, . . . , 2m−1}. ByLemma 14, {f (u2), f (v2)}={j, j+1}, {f (u′1), f (v′1)}={s, s+1} and {f (u3), f (v3)}={t, t +1} for some j, s, t . Hence the remainder m−3 vertices in the middle component
cannot receive labels i, i ± 1, i + 2, j, j + 1, s, s ± 1, s + 2, t, t + 1. We only need to consider the case of i < j
(otherwise we can deﬁne f ′ = 2m− f and consider f ′). By Lemma 14, it sufﬁces to consider the following two cases.
Case 1: t < s < i < j , i, j are both odd, s, t are both even.
Based on the distance of any two vertices in {u1, u2, v1, v2, u3, v3, u′1, v′1}, we have |j − i|2, |s − t |2 and|i − s|3. If j 	= i + 2, s 	= t + 2 and i 	= s + 3, then these remainder m− 3 pairwise adjacent vertices in the middle
component must take pairwise non-consecutive labels from the set {0, 1, . . . , t−1}∪{t+2, . . . , s−2}∪{s+3, . . . , i−2}
∪ {i + 3, . . . , j − 1} ∪ {j + 2, . . . , 2m}. Hence such m − 3 vertices can choose at most  t2 +  s−t−32  +  i−s−42 
+ j−i−32  +  2m−j−12  = t2 + s−t−22 + i−s−32 + j−i−22 + 2m−j−12 = m − 4 labels, a contradiction. If j = i + 2 or
s = t + 2 or i = s + 3, similarly a contradiction will be induced. The detail is left to readers.
Case 2: i < j < s < t and i, j, s, t are all odd.
Based on the distance of any two vertices in {u1, u2, v1, v2, u3, v3, u′1, v′1}, we have |i − j |2, |s − j |2 and|t − s|2. If j 	= i + 2, s 	= j + 2 and t 	= s + 2, then these remainder m − 3 pairwise adjacent vertices in the
middle component must take pairwise non-consecutive labels from the set {0, 1, . . . , i − 2} ∪ {i + 3, . . . , j − 1}∪
{j +2, . . . , s−2}∪{s+3, . . . , t−1}∪ {t+2, . . . , 2m}. Hence suchm−3 vertices can choose at most  i−12 + j−i−32 
+ s−j−32 + t−s−32  + 2m−t−12  = i−12 + j−i−22 + s−j−22 + t−s−22 + 2m−t−12 =m−4 labels, a contradiction. If j =i+2
or s = j + 2 or t = s + 2, similarly a contradiction will be induced. The detail is left to readers.
Claim 2. Let u, v be two arbitrary vertices in the left (right, respectively) component of Gm. Then f (u) and f (v)
cannot be consecutive.
For the sake of symmetry, we only need to consider the right component. If not, then f (u2), f (v2) are consecutive.
Say {f (u2), f (v2)} = {j, j + 1}. Without loss of generality, we may assume that j is even and f (u2) = j (If j is odd,
then j + 1 is even. We assume that f (u2) = j + 1.). Lemma 13 and Claim 1 imply that the m + 1 vertices in the
middle component of Gm must receive labels 0, 2, . . . , 2m − 2, 2m. For any vertex x 	= v1 in the middle component,
the distance between x and u2 is at most two. Hence, f (x) 	= f (u2) and f (v1) = f (u2) = j . This is a contradiction
since v1 is adjacent to v2 and f (v2) = j + 1.
Since (Gm)=2m for m3, Claims 1 and 2 imply that 1, 3, 5, . . . , 2m−1 are not used in any 2m-L(2, 1)-labelling
of Gm. Hence, (Gm) = m. Since n(Gm) = 3(m + 1), by Theorem 2, Gm ∈ G(3,m). Obviously, Gm is connected.
Hence the proof of Theorem 4 is complete. 
By above discussion, we naturally have the following problem: for k3, does every graph G in G(k,m) have
(G) = 2m and (G) = m? Theorem 5 gives a negative answer. In order to prove Theorem 5, we need to construct
a graph G ∈ G(k,m) with (G) = 2m and (G) 	= m for any integers k3 and m2. For k3 and m2, the
graph G∗(k,m) consists of k components. The ith component is Km+1 deleted an edge uivi (i = 1, 2, . . . , k). And
then adjoin v1u2, v2u3, . . ., vk−1uk, vku1. Fig. 4 gives the graph G∗(4, 3). It is easy to see that G∗(k,m) ∈ G(k,m).
In what follows, we will show that (G∗(k,m)) = 2m and (G∗(k,m)) = 0 for k3 and m2.
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Fig. 4. The graph of G∗(4, 3).
Claim 1. (G∗(k,m))2m.
Suppose that (G∗(k,m))2m − 1. Since Km+1 − e is a subgraph of G∗(k,m), by Lemma 7, (G∗(k,m)) = 
(Km+1−e)= 2m− 1. Moreover, for any (2m− 1)-L(2, 1)-labelling f of G∗(k,m), it is easy to verify that a component
of G∗(k,m) must be such that the smaller of f (ui) and f (vi) is some even integer ei , while the larger is ei + 1 and
hence odd for i = 1, 2, . . . , k. Thus, for each i, the ith component of G∗(k,m) is labelled with 0, 2, 4, . . . , ei , ei +
1, ei + 3, . . . , 2m− 1. Without loss of generality, let f (u1) be odd and f (v1)= e1 be even. Moreover, we can assume
that e1 the smallest integer among e1, e2, . . . , ek . If f (u2) is even integer e2, then e1 cannot be in {0, 2, 4, . . . , e2} by the
distance two condition; hence, e1 >e2, a contradiction. So, f (u2)= e2 + 1 and f (v2)= e2. The distance two condition
thus requires that e2 + 1 is not in {e1 + 1, e1 + 3, e1 + 5, . . . , 2m − 1}. Therefore e2 + 1e1 − 1, a contradiction.
Claim 2. (G∗(k,m)) = 2m and (G∗(k,m)) = 0.
It sufﬁces to give a 2m-L(2, 1)-labelling f of G∗(k,m) with H(f ) = ∅. For the ﬁrst component of G∗(k,m), let
f (u1)=4 and f (v1)=3, then label the remainderm−1 vertices by 1, 6, 8, . . . , 2m, respectively. For the kth component,
let f (uk) = 1 and f (vk) = 0, then label the remainder m − 1 vertices by 3, 5, . . . , 2m − 1, respectively. For the ith
(2 ik − 1) component, let f (ui)= 0 and f (vi)= 2m, then label the remainder m− 1 vertices by 2, 4, . . . , 2m− 2,
respectively. It is easy to check that f is a 2m-L(2, 1)-labelling of G∗(k,m) with H(f ) = ∅.
By Claims 1 and 2, we get (G∗(k,m)) = 2m and (G∗(k,m)) = 0 for k3 and m2. Hence, we have proved
Theorem 5.
3. Conclusion and problems
As we know, G ∈ G(2,m) if and only if G has n(G)= 2(m+ 1), (G)= 2m and (G)=m (Theorem 3). For k = 3
and m3, there exists a connected graph G ∈ G(3,m) without 3-neighborhood property such that (G) = 2m and
(G)=m (Theorem 4). But for k4 andm3, we cannot ﬁnd a connected graphG ∈ G(k,m)without k-neighborhood
property such that (G) = 2m and (G) = m. For k3 and m2, we have shown that there exists a connected graph
G ∈ G(k,m) with (G) = 2m and (G) = 0 (Theorem 5). We do not know whether there exists a connected graph
G ∈ G(k,m) with (G) = 2m and (G) 	= 0,m. Hence, we propose the following problems to end this paper.
Problem 15. For k4 and m3, is there a connected graph G ∈ G(k,m) without k-neighborhood property such
that (G) = 2m and (G) = m?
Problem 16. For k3 and m3, is there a connected graph G ∈ G(k,m) with (G) = 2m and (G) 	= 0,m? Is it
true that (G) = 2m if G ∈ G(k,m)?
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